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The best uniform approximation to the function |x|%, >0, on [—1, 1] by any
of the standard classes of functions of approximation theory has an asymptotic
error of at best O(e ~“>'"), where # is the dimension of the space of approximating
functions. We exhibit a class of Sinc basis functions for which this error decays at
the faster rate O(e ~¢" 12"}, uniformly for all 0 < o < < f,. € 1991 Academic Press, Inc.

1. INTRODUCTION

One of the basic questions of approximation theory is the following:
Given a function f, a norm, and a class S of approximating functions, how
well can f be approximated in this norm by functions in S? This question
becomes especially interesting for nonsmooth functions.

For the function |x[?, $>0, on the interval [—1, 1], and the uniform
(or Chebyshev) norm, the answer is known for many classes of functions,
including the standard polynomials, piecewise polynomials, and rational
functions.

In the best of these cases, the error of the best uniform approximation
to |x|# decays like O(e °¥™) as n— oo, where n is the dimension of the
space of approximating functions, or more generally the number of free
parameters in the class of approximating functions.

In this paper, we will exhibit a linear space of functions for which the
error of the best uniform approximation to |x|? behaves like O(e ~*'98"),
uniformly for all § with 0 < f,< B < f,. This is an interesting application
of the theory of approximation with Sinc functions [107].

Section 2 briefly outlines the history of this problem and summarizes
known resuits. In section 3, we will review the pertinent parts of Sinc
approximation. Section 4, then, contains the main result of this paper, an
application of Sinc methods to the problem of uniform approximation of
x| on [—1,1].
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2. HisTorY AND PREVIOUS RESULTS

In 1908, de La Valiée Poussin posed the problem of estimating the error
of the best uniform approximation by polynomiais to the function |x! on
the interval [ —1,13. The problem was solved by Bernstein in 1911 and
published in [17]. If E,(f) denotes the error of the best approximation to
f by polynomials of order » (that is, degree (# — 1)) on [ —1, 1], then

fim 202E,,(|x]) =4

n—
where £~ 0.282 is a constant. Thus,

E (Ix])=0(n"") as n-— .

7

The error of the best approximation of |x[*. 0<f<1, on [—1 1] by
polynomials was also determined by Bernstein [2] to be

lim n?E ('x|")=c(f).

H— X
where ¢(f) is a constant depending on f, so that

E(x5=0(n"* as n-x.

In 1964, following a suggestion by H. S. Shapiro, Newman [8] proved
that

5P TSR, (X)) S 3e
where R, (f) is the error of the best approximation to f on [ —1, 1] by
rational functions of order » (that is, numerator and denominator are both
polynomials of order n).

Newman's bound was improved several times by Gongar [ 7], Bulanov [47
and Vjaceslavov [11, 12] to

e TSR, (X)) <ce T
where ¢ is a constant. Thus.
R,,(|x|)=0(e’”~';) as n— .
For 'x|?, >0, B not an integer, the error is
R,(1x") = O(e ="~ )

(Ganelius [6]).
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Rice [9] investigated the case of approximation by splines of fixed order
k, but a variable number # of knots. If S, (/') denotes the error of the best
approximation to f on [~—1, 1] by splines of order k£ with » knots, he
showed that

Sn.k('-xlﬁ) S C(ﬁa k)n_k=
so that

S.i(|x|P)=0(e*logn) as n— oo,

For splines with a variable number of knots and variable order &, on the
ith subinterval, but fixed total order N=3 k; the error S, of the best
approximation is (deVore and Scherer [5])

—

cz(ﬂ) N—¥6- 1(\/’/5 —1 )2 NET < S.’V( |x|/3) < cl(ﬁ)(\/’i _ 1)2 V‘Nﬁ’
so that asymptotically
S.'V ( |x| ﬁ) = 0(€ —c N+ O(log A’\i))’

where c= —2 \/"E log(+/2—1).
Approximation of |x| by piecewise polynomials is, of course, trivial.
Overall, we see that both |x| and |x|# can be approximated with an
asymptotic error of at best O(e °v") by any set of these classical functions
with # degrees of freedom.

3. SiINC INTERPOLATION

Most of the results in this section are well known and have been
summarized in Stenger [10]. We will state the relevant theorems, but
include the proof of only one of them. Theorem 3.5 is not published
elsewhere, and will need to refer to its proof in Section 4.

Let f be a function in L*(R) and analytic in a neighborhood of R in C.
Whittaker’s cardinal function C(f; #) is defined by

Cfih)(x)= ) flkh)S(k, h)(x),
k= —x
whenever this series converges. Here £ is a positive constant, and

_sin[(n/h)(x—kh)]
S M) =y — k)

The function C(f, h) was first used in this form by Borel [3] in 1899, in
the study of complex power series. Its use in interpolation dates back to
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1915, in the work of E. T. Whittaker [13] and his son J. M. Whittaker
[14, 15]. C(f, k) is the unique function which interpolates f at the points
kh, ke Z, and whose Fourier transform has support in [ —zn/h, n/h].

The use of C(f, h) and the truncated series C,(f, #) (defined below} o
approximate a function f was studied by F. Stenger and others {see [1G]
for a survey). Many formulas can be derived by term by term integration,
differentiation, Fourier transforms, Hilbert transforms, etc., along with
appropriate mappings of these formulas to intervals other than {—3xc, =}
These formulas are collectively referred to as Sinc methods.

A class of functions for which Sinc interpolation is very accurate is
defined as follows. Let D,, d>0, be the domain D,= {x+iy:jyl<d} in
the complex plane C (see Fig. 1). Let B(D,) be the family of all functions
which are analytic in D, and such that

N(f.D,)= lim {f G+ dxt | flx—in) deb <o
y—~d- (*R R ;

and such that

-~

J ifx+i)dy—0 as x—
—d

H
&

THEOREM 3.1. If fe B(D,), then

N(/, D,)

s f—C | L")
I/ =l 2nd sinh(nd/h)

In practice, we have to truncate the infinite series C(f, /) at some point
and replace it by

]

C.fih)y= Y f(kh) Sk, k).

Z - Plane W - Plane

Fig. 1. The domains 4, and D,,.

640 66 1-4
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The optimal place to do this is where the series truncation error
is approximately equal to the discretization error |f— C(f, h)|. For
exponentially decaying functions this leads to the following theorem.

TueoreM 3.2. If feB(D,) and |f(x)| <ce ", xeR, where %, ¢ are
positive constants, then by choosing h = (ndjan)"? we obtain

1S = Calfy )l o < Cn'2e=ntom")

where C depends only on N(f, D), d, ¢, 2, but not on n.

Thus, we can approximate exponentially decaying functions in the
class_B(D,) with a uniform error which behaves asymptotically like
O(/ne ")

Other functions with only polynomial decay at infinity can be approximated
equally well if they possess a larger region of analyticity.

Let 4, be the domain

A + i v’ u <1
={z=y+ip;—— — —— ,
a4 sin®d  cos*d

where 0 <d < m/2 (see Fig. 1).

Let ¢(z)=sinh~'z=log(z+/1+z*), where we use the branches of
\/ z, log(z) which are real on the positive real axis and slitted along the
negative real axis. Let (w)=¢ '(w)=sinh(w). § maps 4, conformally
onto D,. The real axis is mapped into itseif.

We can find an approximation to f(z) on R by approximating f(y(w))
in the w-plane. This leads to

oo}

f@=C(foi, h)od(z)= 3, flzo) Sk, h)<¢(2),

n= —oC

where z, = (kh) =sinh(kh).
Let B(4,) be the family of all functions which are analytic in 4, and
such that

N(f-y,D )<

and

|| iy =0 as xo tc

From Theorem 3.1 we get immediately
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TuroreMm 3.3. If fe B(4,), then

17\1\.]”“ l/" Dd
mﬁ sinh{nd'h)

ILf=C(f =¥, h) =9l

The condition
e (x)i < cem

is equivalent to

lfl el +]x]377%

and Theorem 3.2 becomes

THEOREM 34. If fe B(4,) and | f(x)| <c{l+ix]) 7% xeR, where %, ¢
are positive constants, then by choosing h = (ndian)*? we obtain

[f=Culf o, h)=$l . <Cn' 2o
where C depends on N{f, A,), d, ¢, «, but not on n.

If it turns out that if f has both the larger region of analyticity 4, and
exponential decay on R, we can get a faster rate of convergence.

THEOREM 3.5. If fe B(4,) and |f(x)| <ce ™™, xeR, where x, ¢ ave
positive constants, then by choosing h=Ilogn/n, the interpolation error
satisfies

f ‘// Dd} 77/,1102,,

f“ nfll’h ¢ dnd

Proof.  The series truncation error T, is

n_ || f W h ¢_Cn(./rc¢” h):¢|i:c
<sup Y. [F(z )] {Stk, h)>sinh ! (x)|

xeR fk 2n+1

< Y F(z)
klzn41
<2c Z e

k=n+1

—a sinh(kh)

2c rx 4 () inhtAcs
—s % cosh(Ax)e >S50 gy
= ha cosh(nh) J n (
2c
ha cosh(nh)

— x sinh(nh)
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while from Theorem 3.3 the discretization error E is

1

E=1f—C(fy, h)- . Sm

N(f=sinh, D,).

If 4 =log n/n, then for large n
cosh(nh) ~ sinh(nh) = n/2;

thus asymptotically

Tn s 4C' e —on2
ologn
ES jv(f: lﬂ: Dd) e_nd,h — "V(fc l/’v Dd) e—ﬂdnﬂog ,,.
4nd 4nd

As n— c, T, goes to zero much faster than E, so the total error is
asymptotically bounded by E. |

4. APPLICATION TO APPROXIMATION THEORY

Let us now consider the approximation of the function |x|?, >0, on
[—1,1]. (The case B=1 requires no special treatment). Through the
transformation

1
z=cosh™! (ﬁ) sign(x) <> x = (1/cosh(z)) sign(z)
X
this is equivalent to the approximation of f(z) = 1/cosh?(z) on the real line.
/ is analytic in the complex plane slitted from i to ioc and from —i to
—ioc, and decays like e ~#1*! on the real line.
The interpolation formula reads in this case

1 1
cosh? 2™~ = cosh?(sinh(kh))

M=

S(k, h)=sinh~(z)
or

2 1
B -
. kzz_n cosh?(sinh(kh))
- 1

S(k, h)-sinh~! (cosh‘1 <|—%> sign(x))

S(k, h)=sinh~ 1(cosh -1 <i>)

|x]
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We will now show that f(z)=1:/coshf(z) satisfies the conditions of
Theorem 3.5 with d= 1.
From the identity

Icosh(sinh(x + iy))|? = cosh?[sinh x cos 37 cos?[cosh x sin ]
+ sinh?{sinh x cos 37 sin’[cosh x sin 3}

>sinh?*[sinh x cos y]

we see than on the lines {x+i:xeR} the absolute value of the function
g(w)} = 1/cosh(sinh(w)) is greater than 1, but bounded above, for w=x=+1,
x near 0, and decreases exponentially for large |x|. Given any 6 < S, < ;.
we can estimate |g(w)|® by |g(w)i®, where ig(w)|>1, and by |g(sv}”,
where |g(w)| <1, to find that

’ 1 \
N(————— D<M
(coshﬁ(sinh Ry

uniformly for all 0 < f, < < B;.
Let £, (!x|?) be the error of the uniform best approximation to ixi” on
[—1, 17 by linear combinations of the basis functions

. VAR BN
B, . (x)=S(k, h)=sinh~! <cosh‘ { I—\i !,
\lx!/,/

where h=logn/n, k= —n, .., n.
The proof of Theorem 3.5 shows that asymptotically

Mo
En(ix|ﬁ)<—€*ﬂh-log,"
4n

uniformly for 0 < f, < < B;.
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